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ON FINITENESS OF LOG CANONICAL MODELS
ZHAN LI
Abstract. Let (X,∆)/U be klt pairs and Q be a convex set of divisors.
Assuming that the relative Kodaira dimensions are non-negative, then
there are only finitely many log canonical models when the boundary
divisors varying in a relatively compact rational polytope in Q. As a
consequence, we show the existence of the log canonical model for a klt
pair (X,∆)/U with real coefficients.
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1. Introduction
Throughout this paper, we work with varieties defined over complex num-
bers.
A minimal model of a variety is a good representative in its birational
equivalent class which could substitute the original variety in many situ-
ations. However, minimal models lack the uniqueness. To remedy this
problem, one can pass to its log canonical model which is unique when it
exists.
Let (X,∆) be a projective klt pair and KX + ∆ is Q-Cartier. Combing
with the method of [FM00] and [BCHM10, Theorem 1.2] (see [Siu06] for an
analytic proof), [BCHM10, Corollary 1.1.2] establishes that the log canonical
ring
(1.0.1) R(X,KX +∆) =
∞⊕
m=0
H0(X,OX (⌊m(KX +∆)⌋))
is finitely generated. In particular,
X 99K ProjR(KX +∆)
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is the log canonical model for (X,∆). This shows that (X,∆) always admits
the log canonical model even if a (good) minimal model of (X,∆) is not
assumed to exist.
However, when KX +∆ is an R-Cartier divisor, the log canonical model
may still exist while R(X,KX+∆) is not finitely generated. The motivation
of this paper is to study the log canonical model in such situation. Along
the way, we establish the finiteness of log canonical models assuming that
the relative Kodaira dimensions are non-negative. The precise statement is
the following.
Notice that for a rational map φ : X 99K Z/U and a rational polytope
P ⊂WDiv(X)R, Aφ,π(P ) is defined to be
{∆ ∈ P | φ is the log canonical model for (X,∆) over U}.
For other relevant definitions and notation, see Section 2.
Theorem 1.1. Let π : X → U be a projective morphism between normal
varieties and Q ⊂WDiv(X)R be a convex set. Suppose that for any ∆ ∈ Q,
(X,∆) is klt with κ(KX +∆;X/U) ≥ 0. Let P be a rational polytope which
is contained in the relative interior of Q. Then there are finitely many
rational maps φi : X 99K Zi/U, 1 ≤ i ≤ q, such that P is partitioned into
subset Ai = Aφi,π(P ), that is,
P =
q⋃
i=1
Ai.
Besides, the closure A¯i of each Ai is a finite union of rational polytopes.
This result is an analogy of [BCHM10, Corollary 1.1.5] where ∆ ∈ A+ V
with A a general ample divisor and V a finite dimensional affine subspace of
divisors. See Remark 4.4 for the reason to work with the relatively compact
subset P and Remark 4.5 for a variant of Theorem 1.1. Theorem 1.1 is indeed
about finiteness of marked log canonical models, that is, not only the variety
Zi itself is finite, but also the map X 99K Zi/U is finite. Although finiteness
of minimal models are expected for a given klt pair, finiteness of marked
minimal models may not hold true in general.
For a klt pair (X,∆) over U , we assume that KX +∆ is R-Cartier with
X → U a projective morphism. As a consequence of Theorem 1.1, we can
answer the aforementioned problem in the relative setting.
Corollary 1.2. Suppose that (X,∆) is a klt pair over U with κ(KX +
∆/U) ≥ 0, then (X,∆) has a log canonical model over U .
The type of results as Theorem 1.1 was studied by Shokurov which was
called the geography of log models (see [Sho96, §6]). A stronger form of
Theorem 1.1 has already been established in [SC11] assuming the log min-
imal model program and the abundance conjecture. By [SC11, Theorem
3.4], a rational polytope can be decomposed into a finite union of rational
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polytopes by the equivalence of the weak log canonical models. Then the
abundance conjecture implies that the log canonical models are also finite.
In fact, [SC11] uses the above decomposition to show that the abundance
conjecture for R-divisors follows from that for Q-divisors (see [SC11, Corol-
lary 2.2])
We briefly explain the idea for the proof of Theorem 1.1. First, we consider
the relative Iitaka fibration (see Definition 3.16) associated with KX + ∆
for ∆ ∈ Q. The key observation is that an Iitaka fibration X 99K Z can be
taken uniformly for any ∆ ∈ P ⊂ Q◦ (see Proposition 4.2). Then, applying
the canonical bundle formula in [FM00], the log canonical model for (X,∆)
can be related to the ample model for (Z,D∆Z +M
∆
Z ). Finally, by standard
modifications, the result follows from [BCHM10, Corollary 1.1.5].
The paper is organized as follows. In Section 2, we give background
material. In Section 3, we develop relative Iitaka fibrations and relative
Kodaira dimensions. Most results in this section are standard and should
be well-known. Unfortunately, we find it lack of adequate reference. Hence,
we include a systematical treatment of this topic in Section 3. Theorem 1.1
and Corollary 1.2 are proved in Section 4.
Acknowledgements. This work is motivated by expanding the results in
[Li20] to real divisors. When preparing the paper, it appears [Jia20] which
also obtains some of the results in the paper independently. This work is
partially supported by a starting grant from SUSTech.
2. Preliminaries
2.1. Notation and conventions. By polytope, we mean a convex hull of
finite set of points in a real vector space. If the points are rational points,
then the polytope is called rational. In particular, a polytope is assumed to
be closed.
For a birational morphism f : Y → X and a divisor B on X, f−1∗ (B)
denotes the strict transform of B on Y , and Exc(f) denotes the sum of
reduced exceptional divisors of f . We write f : Y → X/U if f is a morphism
over U . We say that f is a contraction morphism if f∗OY = OX . If f
is a surjective morphism, then for a divisor D on Y , we write Dh (resp.
Dv) to denote the horizontal (resp. vertical) part of D over Z. We write
D = D+−D− for the decomposition of D as a difference of effective divisors
without common components.
For k = Z,Q,R, and two divisors A,B ∈ k on a variety X over Z,
A ∼Z,k B means that A and B are k-linearly equivalent over Z. When
k = Z or Z = SpecC, we omit k or Z. A general (resp. very general) point
is a point which lies in the complement of finite (resp. countably many)
proper Zariski closed subsets.
Let X be a projective normal variety over U and B be an R-divisor on X,
then (X,B)/U is called a log pair over U . We also assume that KX +B is
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an R-Cartier divisor for a log pair (X,B)/U . Besides, U is usually omitted
if this is clear from the context. For a divisor D over X, if f : Y → X is
a birational morphism from a normal variety Y such that D is a divisor on
Y , then the log discrepancy of D with respect to (X,B) is defined to be
multD(KY − f
∗(KX +B)) + 1. This definition is independent of the choice
of Y . A log pair (X,B) (or KX + B) is called sub-klt (resp. sub-lc) if the
log discrepancy of any divisor over X is > 0 (resp. ≥ 0). If B ≥ 0, then a
sub-klt (resp. sub-lc) pair (X,B) is called klt (resp. lc).
2.2. Ample model and log canonical model. We adopt the notions of
ample models and log canonical models as in [BCHM10, Definition 3.6.5,
3.6.7].
Definition 2.1 (Ample model & log canonical model ). Let π : X → U be
a projective morphism between normal quasi-projective varieties and D be
an R-Cartier divisor on X. We say that g : X 99K Z is the ample model
for D over U if g is a rational map over U , Z is normal and projective over
U and there is an ample divisor H over U on Z such that if p : W → X
and q : W → Z resolve g, then q is a contraction morphism and we may
write p∗D ∼U,R q
∗H + E, where E ≥ 0 and for every B ∈ |p∗D/U |R, then
B ≥ E. If D = KX +∆, where (X,∆) is an lc pair, then the ample model
for KX +∆ over U is called the log canonical model for KX +∆ over U .
Remark 2.2. 1. By definition, for any D′ and λ ∈ R>0 such that D
′ ∼U,R
λD, D′ and D share the same ample model if one of them exists.
2. For a given X/U , ample models of D over U are unique up to isomor-
phism (see [BCHM10, Lemma 3.6.6 (1)]).
2.3. Canonical bundle formula. We use the relative version of the fol-
lowing canonical bundle formula proved in [FM00].
Let f : Y → Z/U be a surjective and projective morphism of a normal
variety Y to a nonsingular variety Z. Assume that Z is projective over U
and (Y,∆) is klt with KY +∆ a Q-Cartier divisor. Suppose that the generic
fiber F of f is a geometrically irreducible variety with κ((KY +∆)|F ) = 0.
By [FM00, Proposition 4.2], there exist b ∈ Z>0 and a Q-divisor Θ such that
(2.3.1) b(KY +∆) ∼ f
∗(b(KZ +Θ)) + bB
∆,
whereB∆ = B∆+−B
∆
− satisfies that f∗OY (⌊kB
∆
+ ⌋) = OZ for any k ∈ Z≥0 and
codim f(B∆− ) ≥ 2. Notice thatKZ+Θ is unique up toQ-linearly equivalence.
Moreover, for a prime divisor P on Z, let t∆P be the log canonical threshold
of f∗P with respect to (X,∆ − B∆) over the generic point ηP of P . Set
s∆P = 1− t
∆
P , then
(2.3.2) D∆Z :=
∑
P
s∆PP
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is called the divisorial part, and
(2.3.3) M∆Z := Θ−DZ
is called the moduli part (it is called the log-semistable part in [FM00,
Definition 4.3]). In fact, by the discussion before [Amb04, Theorem 2.7] and
[FM00, Proposition 4.6], there are b-divisors D∆ and M∆ such that D∆Z
and M∆Z are traces of the respective b-divisors on Z (see [Amb04, §1.2] or
[Cor07, §2.3] for notions of b-divisors.)
After taking certain model f ′ : Y ′ → Z ′/U birational to f : Y → Z/U
(see [FM00, §4.4] for the precise definition of f ′), the corresponding moduli
part M∆Z′ is nef over U . In fact, [Amb04, Lemma 5.2 (5)] shows that M
∆
Z′ is
semi-positive. Hence, for any complete curve C, M∆Z′ · C ≥ 0. Because Z
′
is projective over U , this implies that M∆Z′ is nef over U . Moreover, M
∆ is
b-nef/U (see [Amb04, Theorem 2.7]).
Lemma 2.3. Assume that f : Y → Z is a projective morphism and
f∗L+B ∼ f∗G+ C
with L,G Cartier divisors. Suppose that B,C satisfy the property that B =
B+ −B−, C = C+ − C− with f∗OY (⌊kB+⌋) = f∗OY (⌊kC+⌋) = OZ for any
k ∈ Z≥0, and codim f(B−) ≥ 2, codim f(C−) ≥ 2. Then B = C.
Proof. By f∗OY (f
∗L+B) = f∗OY (f
∗G+ C) and
f∗OY (⌊kB+⌋) = f∗OY (⌊kC+⌋) = OZ ,
we have L ∼ G on Z\Supp(f(B−) ∪ f(C−)). This implies L ∼ G on Z by
codimSupp(f(B−) ∪ f(C−)) ≥ 2. Hence by definition, there is s ∈ K(Y )
such that
B + div(s) = C.
Thus B+ − C+ + div(s) = B− − C−, and B+|F + div(s)|F = C+ ≥ 0 for a
very general fiber F . However, f∗OY (⌊kB+⌋) = OZ for all k ∈ Z≥0 implies
that H0(F,OF (⌊kB+⌋) = C. Thus s must be a non-zero constant on a very
general fiber. Hence Bh = Ch. By f∗OY (⌊kB+⌋) = f∗OY (⌊kC+⌋) = OZ for
all k ∈ Z≥0, B
v
+ and C
v
+ do not have components whose images on Z are of
codimension 1. Thus, by assumption, codim f(Bv−+B
v
+) ≥ 2, codim f(C
v
−+
Cv+) ≥ 2. Because B
v ∼ Cv, we have Bv = Cv. 
3. Relative Kodaira dimensions
In this section, we assume that π : X → U is a projective morphism
between varieties. Assume that X is normal and D is an R-Weil divisor on
X. If there exists m ∈ Z>0 such that π∗OX(⌊mD⌋) 6= 0, then there is a
rational map over U
φU,|mD| : X 99K PU (π∗OX(⌊mD⌋))
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associated with π∗π∗OX(⌊mD⌋)→ OX(⌊mD⌋), where
PU (π∗OX(⌊mD⌋)) := ProjU (Sym(π∗OX(⌊mD⌋))).
We say that m is sufficiently large and divisible if φU,|mD|(X) achieves
its maximal dimension and general fibers of φU,|mD| are connected. In fact,
take m such that dimφU,|mD|(X) is maximal and replace X by a resolution,
we can assume that φU,|mD| is a morphism. Replacing m by a multiple km
so that τ∗OWm(k) is very ample on the Stein factorization X →Wm,stein
τ
−→
Wm, we can assume that φU,|mD| has connected general fibers. In this case,
because k(X) is a regular extension of k(Wm), the generic fiber of φU,|mD|
is geometrically integral (for example, see [Liu02, §3 Corollary 2.14 (c)]).
Let u : X ′ → X be a log resolution and set D′ = u−1∗ D + E where E
is a u-exceptional divisor with sufficiently large coefficients (for example,
take a Cartier divisor B > 0 on X such that B − D > 0, then E can
be taken to be u∗B − u−1∗ B). Then u∗OX′(⌊mD
′⌋) = OX(⌊mD⌋) for any
m ∈ Z≥0. Thus φU,|mD′| : X
′ 99K PU((π ◦ u)∗OX′(⌊mD
′⌋)) has the same
image as φU,|mD|. In what follows, when taking a resolution of X, we always
replace D by D′ (for some E). Possible taking a further resolution, we can
assume that |⌊mD′⌋| = |Pm| +Nm such that Nm is effective, |Pm| is π ◦ u-
base point free and π∗OX(⌊mD⌋) = (π ◦ u)∗OX′(Pm). Then the morphism
f ′ : X ′ → PU(π∗OX(⌊mD⌋)) associated with (π ◦ u)
∗(π ◦ u)∗OX′(Pm) →
OX′(Pm) resolves φU,|mD|. Let Wm ⊂ PU(π∗OX(⌊mD⌋)) be the image of
X ′, then there is a divisor A on Wm which is very ample over U such that
Pm = f
′∗A. For R-divisors D1,D2, we write
(3.0.1) D1 &U,R D2
if there exists an effective divisor E ≥ 0 such that D1 ∼U,R D2 + E. Hence
the above shows that ⌊mD′⌋ &U,R f
′∗A.
Definition 3.1 (Relative Kodaira dimension, c.f.[Nak04, II. §3.c]). Let π :
X → U be a projective morphism between normal varieties and D be an
R-Weil divisor on X, then the relative Kodaira dimension is defined to be
κ(D;X/U) :=
{
−∞ if π∗OX(⌊mD⌋) = 0 for any m ∈ Z>0,
max{dimφU,|mD|(X) | m ∈ Z≥0} − dimU otherwise.
When U = SpecC, we write κ(D;X) or κ(D) instead of κ(D;X/SpecC).
Because π∗OX(⌊mD⌋) is a torsion free sheaf and φU,|mD|(X) is irreducible
if it is non-empty, by the above definition, for any non-empty open set
V ⊂ U , we have κ(D;X/U) = κ(DV ;XV /V ), where XV = X ×U V , and
DV = D|XV .
Remark 3.2 ([Cho08, §2.2 Remark]). For R-divisors D and B on X. Even
if D ∼U,R B, the relative Kodaira dimensions may not be the same: consider
a smooth projective variety X over C. Let P be a non-trivial principle
Cartier divisor. Set D = aP for some a ∈ R\Q. Then D ∼R B = 0. By
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H0(X,OX (⌊mD⌋)) = 0 for any m ∈ Z>0, we have κ(D) = 0 which is not
equal to κ(B) = 1.
To remedy the problem mentioned in Remark 3.2, [Cho08, Definition
2.2.1] introduces the invariant Iitaka dimension. In particular, the following
result holds.
Proposition 3.3 ([Cho08, Proposition 2.2.2]). If κ(D;X/U) ≥ 0, then for
any 0 ≤ D′ ∼U,R D, we have κ(D;X/U) = κ(D
′;X/U).
Suppose that π : X → U is a projective morphism between normal vari-
eties and D is an R-Weil divisor on X. Let F be a general fiber of π. We
define the Kodaira dimension κ(D|F ) of D|F to be κ(D|Γ), where Γ is an
irreducible component of F . Equivalently, suppose that X → Ustein
τ
−→ U
is the Stein factorization and G is a general fiber of X → Ustein. Then
κ(D|F ) = κ(D|G). In fact, because Ustein → U is a finite morphism be-
tween irreducible varieties, for any open set Vs ⊂ Ustein, there is an open set
V ⊂ U such that Vs ⊃ τ
−1(V ). Hence any irreducible component of F is
also a general fiber of X → Ustein. Thus κ(D|F ) is well defined and equals
to κ(D|G).
We will use the fact that the set of very general points is a complement
of a measure zero set (because the base field is C). Hence if V and V ′ are
sets consist of very general points, then V ∩ V ′ 6= ∅. The following is the
relative version of [Nak04, II Lemma 1.12 (2)] which can be proved by the
same argument.
Lemma 3.4 ([Nak04, II Lemma 1.12 (2)]). Suppose that Y,X are normal
varieties over U . Let f : Y 99K X/U be a meromorphic fiber space and let
h : Y 99K Z/U be a meromorphic map such that h(f−1(x)) is a point for
general x ∈ X. Then there exists a meromorphic map g : X 99K Z/U such
that h = g ◦ f .
In the above lemma, f is called a meromorphic fiber space if Y,X are
normal varieties, the graph map Γf → X/U is a proper morphism and any
general fiber of Γνf → X is connected, where Γ
ν
f → Γf is the normalization.
Lemma 3.5. Let π : X → U be a projective morphism between normal
varieties and D be an R-Weil divisor on X. Suppose that
φU,|mD| : X 99KWm ⊂ PU(π∗OX(⌊mD⌋))
is a rational map. Assume that general fibers F of φU,|mD| are connected
and κ(D|F ) = 0. Then for any sufficiently large and divisible k ∈ Z>0, there
is a birational map τm,k : Wm 99KWk/U such that τm,k ◦ φU,|mD| = φU,|kD|.
Proof. First, replace X by a resolution such that p : X → Wm/U, q : X →
Wmk/U and r : X →Wk/U are all morphisms. For a general fiber Fp of p,
H0(Fp,OFp(⌊mD⌋|Fp)) = C
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by construction, and thusH0(Fp,OFp(⌊mkD⌋|Fp)) = C by k⌊mD⌋ ≤ ⌊mkD⌋
and κ(D|Fp) = 0. Thus q(Fp) is a point of Wmk. By Lemma 3.4, there ex-
ists ψ : Wm 99K Wmk/U such that ψ ◦ p = q. In particular, ψ is dominant
and has generic connected fibers. By the choice of k, dimWm ≤ dimWmk,
and thus dimWm = dimWmk. This implies that ψ is a birational map.
By the same argument, we have a birational map ϕ : Wk 99K Wmk/U such
that ϕ ◦ r = q. Thus τm,k := ϕ
−1 ◦ ψ : Wm 99K Wk/U is birational and
τm,k ◦ φU,|mD| = φU,|kD|. 
Lemma 3.6. Under the above notation, suppose that π∗OX(⌊aD⌋) 6= 0
for some a ∈ Z>0. For a sufficiently large and divisible n, assume that
φ′ : X ′ → Wn/U is a resolution of the map φ = φU,|nD| : X 99K Wn/U .
Then for any general fiber G′ of φ′, we have κ(D′|G′) = 0, where D
′ is the
strict transform of D plus an exceptional divisor over X with sufficiently
large coefficients (see the third paragraph in Section 3).
Proof. Without loss of generality, we can replace X ′ by X and D′ by D.
Let A be a very ample divisor on Wn over U such that ⌊nD⌋ &U,R φ
∗A (see
(3.0.1) for “&U,R”). By construction, κ(D|G) ≥ 0. Let ∅ 6= Vm ⊂ Wn be
an open set such that h0(Gt,OGt(⌊mD|Gt⌋)) is a constant for t ∈ Vm. By
κ(D|Gt) ≥ 0, for a sufficiently large and divisiblem, h
0(Gt,OGt(⌊mD|Gt⌋)) ≥
1 for t ∈ Vm. However, if there exists m such that h
0(Gt,OGt(⌊mD|Gt⌋)) >
1, we claim that there exists ν ≫ 1 such that dimWν > dimWn.
By shrinking Vm and U , there is an isomorphism
φ∗OX(⌊mD⌋) ⊗ k(t) ≃ H
0(Gt,OGt(⌊mD|Gt⌋))
for each t ∈ Vm (see [Har77, III Corollary 12.9]). Such morphism is obtained
by sending
s ∈ H0(φ−1(Vm),OX (⌊mD⌋))
to s|Gt . By h
0(Gt,OGt(⌊mD|Gt⌋)) > 1, there are at least two linearly inde-
pendent sections s1, s2 ∈ H
0(φ−1(Vm),OX(⌊mD⌋)). Thus φ˜ = φVm,⌊mD⌋ :
X 99K Tm/Vm with dimTm > dimVm.
Taking a higher resolution of X, we can assume that φ˜ is a morphism
and there is a divisor H which is very ample on Tm over Vm such that
⌊mD⌋ &Tm,R φ˜
∗H. Let µ : Tm → Vm and choose ℓ≫ 1 such that H + ℓµ
∗A
is ample over U . Then ⌊(m+ ℓn)D⌋ &U,R ϕ
∗H + ℓφ∗A and thus there exists
τ ≫ 1 such that dimφU,|τ(m+ℓn)D|(X) ≥ dimTm. Hence
dimWτ(m+ℓn) ≥ dimTm > dimVm = dimWm,
and we can take ν = τ(m + ℓn). This is a contradiction to the maximality
of dimWm, and thus κ(D|G) = 0. 
Lemma 3.7. Under the above notation, for k ∈ Z≥0, if κ(D|Ft) = k for
very general t ∈ U , then κ(D|Ft) = k for general t ∈ U .
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Proof. By k ≥ 0, we claim that there existsm ∈ Z>0 such that π∗OX(⌊mD⌋) 6=
0. Otherwise, as above, there is an open set Um ⊂ U such that
H0(Ft,OFt(⌊mD|Ft⌋)) ≃ π∗OX(⌊mD⌋)⊗ k(t) = 0
for each t ∈ Um. Thus for t ∈ ∩mUm, we have κ(D|Ft) = −∞, a contradic-
tion.
Hence, we can consider φ = φU,|nD| : X 99K Wn/U for a sufficiently
large and divisible n. Taking a resolution of X, we can assume that φ is a
morphism. By Lemma 3.6, κ(D|G) = 0 for any general fiber G of φ.
Now for a general fiber Ft of π, let mt be a sufficiently large and divisible
integer such that φ|mtD|Ft | : Ft 99KWt,mt is the corresponding rational map.
For φ|Ft : Ft 99K φ|Ft(Ft), a general fiber G is also a general fiber of φ and
thus κ(D|G) = 0. By Lemma 3.5, Wt,mt is birational to φ|Ft(Ft) and thus
κ(D|Ft) = dimWt,mt = dimφ|Ft(Ft) = dimWn − dimU
for general t ∈ U . Finally, because κ(D|Ft) = k for very general t, k =
dimWn − dimU . 
Remark 3.8. I do not know whether Lemma 3.7 still holds true when k =
−∞. Let Zm ⊂ U be the closed set such that h
0(Ft,OFt(⌊mD|Ft⌋)) > 0 for
t ∈ Zm. Then Z = ∪mZm is the set of points t such that κ(D|Ft) 6= −∞. A
priori, it is possible that the Zariski closure of Z is X.
However, in the most important case when D = KX on a smooth variety.
By the invariance of the plurigenera ([Siu02]), Lemma 3.7 still holds true
when k = −∞.
Lemma 3.9. Under the above notation, for a general fiber F of π, if
κ(D|F ) > 0, then κ(D;X/U) > 0.
Proof. We claim that there exist n ∈ Z≥0 and an open set Un ⊂ U such that
h0(Ft,OFt(⌊nD⌋|Ft)) > 1 for any t ∈ Un.
Taking a resolution of X and shrinking U , we can assume that (X,D) is
log smooth over U (i.e. X as well as any stratum of D is smooth over U).
By upper-semicontinuity, there is an open set Um for each m, such that
h0(Ft,OFt(⌊mD|Ft⌋)) = h
0(Ft,OFt(⌊mD⌋|Ft)) = km
is a constant for t ∈ Um. If km = 0 for m ∈ Z>0, then for t ∈ ∩mUm,
κ(D|Ft) = −∞. This is a contradiction to κ(D|F ) > 0 for a general fiber F .
If km ≤ 1 for any sufficiently large and divisiblem ∈ J , then for t ∈ ∩m∈JUm,
κ(D|Ft) = 0, which is still a contradiction. Hence, there exists n such that
kn > 1. This shows the claim.
Possibly shrinking Un, we can assume that
π∗OX(⌊nD⌋)⊗ k(t) ≃ H
0(Ft,OFt(⌊nD|Ft⌋))
holds for each t ∈ Un. Then just as in the proof of Lemma 3.7, sec-
tions of H0(Ft,OFt(⌊nD|Ft⌋)) extend to local sections of π∗OX(⌊nD⌋). By
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h0(F, ⌊nD|F ⌋) > 1, the image of φU,|nD| has dimension larger than dimU ,
that is, κ(D;X/U) > 0. 
Definition 3.10 (Relative D-dimension [Nak04, Chapter II §3.c]). Let π :
X → U be a projective morphism between varieties and D be an R-Weil
divisor on X. The relative D-dimension κrel(D;X/U) is defined to be the
Kodaira dimension κ(D|Γ) for a connected component Γ of a very general
fiber of π.
Remark 3.11. 1. A fiber of π may not be connected. Suppose that g : X →
V is the Stein factorization of π. Then Γ is a very general fiber of g.
2. Notice that by the upper-semicontinuity, κ(D|Γ) is well-defined for a
very general Γ. By Lemma 3.7, κ(D|Γ) is a constant on an open set of V if
the relative D-dimension is non-negative.
In the following, for a very general fiber F , we write κ(D|F ) to denote
κ(D|Γ) where Γ is a connected component of F .
Lemma 3.12 (c.f. [Nak04, II Theorem-Definition 3.14]). Let π : X → U be
a projective morphism between normal varieties and D be an R-Weil divisor
on X. Suppose that the relative D-dimension κrel(D;X/U) ≥ 0, then for a
general fiber F of π, we have κ(D;X/U) = κ(D|F ).
Proof. First, by the same argument as in Lemma 3.9, we have π∗OX(⌊mD⌋) =
0 iff h0(F,OF (⌊mD⌋|F )) = 0. Hence, if π∗OX(⌊mD⌋) = 0 for any m, then
κ(D|F ) = −∞ for very general F , which contradicts to κrel(D;X/U) ≥ 0.
Hence, κ(D;X/U) 6= −∞.
Suppose that φ = φU,|mD| : X 99K PU (π∗OX(⌊mD⌋)) for a sufficiently
large and divisible m. Passing to a resolution, we can assume that φ is a
morphism. Let Fπ be an irreducible component of a general fiber of π and
G = φ|Fpi (Fπ). Then G is an irreducible component of a general fiber of
Wm → U . Let Fφ be a general fiber of ν = φ|Fpi : Fπ → G which is also
a general fiber of φ. By Lemma 3.6, we have κ(D|Fφ) = 0. By the easy
addition ([Nak04, II Theorem 3.13]), κ(D|Fpi ) ≤ κ(D|Fφ) + dimG, we have
(3.0.2) κ(D|Fpi) ≤ dimG = dimWm − dimU = κ(D;X/U).
Conversely, for a suifficiently large and divisible r, let φ|rD|Fpi | : Fπ 99K Vr
be a dominant rational map such that dimVr = κ(D|Fpi). Taking a resolution
of Fπ, we can assume that φ|rD|Fpi | is a morphism. Let Θ be a general fiber
of φ|rD|Fpi |, then by Lemma 3.6, κ(D|Θ) = 0. Recall that ν : Fπ → G is
the morphism defined by restriction φ = φU,|mD| to Fπ. Hence κ(D|Θ) = 0
implies that ν(Θ) is a point. By Lemma 3.4, there exists ρ : Vr 99K G such
that ν = ρ ◦ φ|rD|Fpi |. In particular, dimG ≤ dimVr. Hence
κ(D|Fpi ) = dimVr ≥ dimG = κ(D;X/U)
which is the inverse inequality. 
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Proposition 3.13. Let π : X → U be a projective morphism between
normal varieties and D be an R-Weil divisor on X, then κ(D;X/U) =
κrel(D;X/Y ).
Proof. Assuming that κrel(D;X/Y ) ≥ 0, then by Lemma 3.12, we have
κ(D;X/U) = κrel(D;X/Y ). Assuming that κ(D;X/U) ≥ 0, then κ(D|F ) ≥
0 for general fibers, and thus κrel(D;X/Y ) ≥ 0 by the definition of rela-
tive D-dimensions. Hence, we still have κ(D;X/U) = κrel(D;X/Y ). In
particular, this implies that κ(D;X/U) = −∞ iff κrel(D;X/Y ) = −∞. 
Under the above notation, let η ∈ U be the generic point of X, and OU,η
be the algebraic closure of OU,η. Let η¯ = SpecOU,η, andXη¯ be the geometric
fiber of π. Suppose that X → Ustein → U is the Stein factorization with ηs
the generic point of Ustein. Let Dη¯ and Dη¯s be the pullbacks of D to Xη¯ and
Xη¯s respectively. We define κ(Dη¯) to be κ(Dη¯s). Although Xη¯ may not be
connected, Xη¯s is always integral (see explanations in the second paragraph
of Section 3)
Proposition 3.14. Let π : X → U be a projective morphism between normal
varieties and D be an R-Weil divisor on X. For a general fiber F of π, we
have κ(D|F ) = κ(Dη¯).
Proof. Let X → Ustein → U be the Stein factorization. By the definition
of κ(Dη¯), we have κ(Dη¯) = κ(Dη¯s). By the definition of κ(D|F ) and the
discussion above, κ(D|F ) = κ(D|G) where G is a general fiber of X → Ustein.
Hence replacing U by Ustein, we can assume that π has connected fibers.
Taking a resolution of X and shrinking U , we can assume that X is smooth
and U is affine.
First, by Proposition 3.13, suppose that κ(D|F ) = κ(D;X/U) ≥ 0. Con-
sider φ = φU,|mD| : X 99K Wm/U for a sufficiently large and divisible m.
Taking a resolution, we can assume that φ is a morphism, and passing to
η¯, we have φη¯ : Xη¯ → Wm,η¯ over η¯. Moreover, φη¯ is defined by a sub-linear
system of |mDη¯|. In particular, κ(Dη¯) ≥ dimWm,η¯ = dimWm − dimU . On
the other hand, by (3.0.2), κ(D|F ) ≤ dimWm − dimU , and thus κ(D|F ) ≤
κ(Dη¯).
Conversely, suppose κ(Dη¯) 6= −∞. Let φ|mDη¯ | : Xη¯ 99K Zm be the
dominant rational map defined by |mDη¯| such that dimZm = κ(Dη¯). Notice
thatXη¯ , Zm are finite type over K(U), and φ|mDη¯ | is defined by finitely many
sections. By shrinking U , and throwing coefficients of defining equations of
Xη¯, Zm, φ|mDη¯ | in H
0(U,OU ), we can assume (see [Liu02, §3 Lemma 2.6])
that there exist finite covers θ : U˜ → U, τ : X˜ → X, a morphism π˜ :
X˜ → U˜ and a rational map φ˜ : X˜ 99K Z˜m, such that the following diagram
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commutes:
X˜
φ˜
~~⑦
⑦
⑦
⑦
π˜

τ
// X
π

Z˜m
  ❅
❅❅
❅❅
❅❅
❅
U˜
θ
// U.
Replacing U˜ by its normalization and X˜, Z˜m by the corresponding base
change, we can assume that U˜ is normal. Moreover, φ|mDη¯ | is obtained by
the base change of φ˜ through η¯ → U˜ . Let D˜ = τ∗D, then φ˜ = φL where
L ⊂ |mD˜| is a sub-linear system. Let F˜ be a general fiber of π˜ and F = τ(F˜ )
which is a general fiber of π. Then L|F˜ induces the rational map
φL|
F˜
: F˜ 99K φ˜(F˜ )
such that dim φ˜(F˜ ) = dim Z˜m − dim U˜ = dimZm = κ(Dη¯). Let n be the
degree of the finite morphism τF˜ : F˜ → F . By
τF˜ ∗τF˜
∗(D|F ) = n(D|F˜ ),
we have |τF˜ ,∗(⌊τ
∗mD⌋|F˜ )| ⊂ |mnD|F |. In particular, |τF˜ ,∗L|F˜ | ⊂ |mnD|F |.
Hence
κ(D|F ) ≥ dimφ|mnD|F |(F ) ≥ dim φ˜(F˜ ) = κ(Dη¯).
Finally, the above argument implies that κ(Dη¯) = −∞ iff κ(DF ) = −∞,
and thus completes the proof. 
Combining Proposition 3.13 with Proposition 3.14, we have the following
result.
Theorem 3.15. Let π : X → U be a projective morphism between normal
varieties and D be an R-Weil divisor on X, then
κ(D;X/U) = κrel(D;X/Y ) = κ(Dη¯).
We adopt the following definition of relative Iitaka fibrations (see [Laz04,
Definition 2.1.34]).
Definition 3.16 (Relative Iitaka fibration). Let π : X → U be a projective
morphism between varieties. Suppose that X is normal and D is an R-Weil
divisor on X such that κ(D;X/U) ≥ 0. Let Wm = φU,|mD|(X). Then any
morphism f : Y → Z/U between smooth varieties satisfying the following
property is called a relative Iitaka fibration associated with D over U :
(1) there is a birational morphism h : Y → X, and a birational map
gm : Z 99K Wm for each m sufficiently large and divisible, so that
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the following diagram commutes
Y
h
//
f

X
φU,|mD|

✤
✤
✤
Z
gm
//❴❴❴❴❴❴❴

❄❄
❄❄
❄❄
❄❄
Wm
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
U ,
(2) if D′ = h−1∗ D + nExc(h) for n ≫ 1, then dimZ = κ(D
′;Y/U) +
dimU , and
(3) κ(D′|Ff ) = 0, where Ff is a general fiber of f .
Remark 3.17. In [Laz04, Definition 2.1.34], condition (3) is stated for very
general fibers instead of general fibers. However, by Lemma 3.7, these two
conditions are equivalent because κ(D;X/U) ≥ 0.
Proposition 3.18. Under the notation and assumptions of Definition 3.16,
an Iitaka fibration exists, and Iitaka fibrations are unique up to birational
equivalence.
Proof. Takem ∈ Z≥0 sufficiently large and divisible and letWm = φU,|mD|(X).
Taking a resolution, we can assume that φU,|mD|(X) is a morphism. By
Lemma 3.6, κ(D|F ) = 0 for any general fiber F of φU,|mD|(X). By Lemma
3.5, for a sufficiently large and divisible k, there is a birational morphism
τm,k : Wm 99K Wk/U such that τm,k ◦ φU,|mD| = φU,|kD|. Take a resolution
of Z 99K Wm/U and a resolution Y of the main component of Z ×Wm X.
Let h : Y → X/U and f : Y → Z/U be the corresponding morphisms. By
κ(D|F ) = 0 again, we have κ(D
′|Ff ) = 0 where D
′ = h−1∗ D + nExc(h) for
n ≫ 1 and Ff is a general fiber of f (for example, see [Nak04, Chapter II,
Lemma 3.11]). By h∗OY (⌊kD
′⌋) = OX(⌊kD⌋) for any k ∈ Z≥0,
κ(D′;Y/U) = κ(D;X/U) = dimWm − dimU = dimZ − dimU.
Thus, we obtain a relative Iitaka fibration by Definition 3.16. Such relative
Iitaka fibrations are unique up to birational equivalence by definition. 
3.1. Iitaka fibrations versus ample models. We study ample models
between varieties. The following lemma should be well-known.
Lemma 3.19. Let g : X → Z/U be a projective morphism with connected
fibers between varieties over U . Assume that Z is a Q-factorial variety and
E ≥ 0 is a divisor on X such that g∗OX(⌊kE⌋) = OZ for any k ∈ Z≥0.
Then for any R-divisor D on Z, there is a natural identification between
following R-linear systems
|D/U |R
∼
−→ |g∗D + E/U |R.
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Proof. There is a natural map B 7→ g∗B + E for any B ∈ |D/U |R. This
map is clearly injective. For surjectivity, take C ∈ |g∗D + E/U |R. Then by
definition
(3.1.1) C = g∗D +E +
∑
i
ri div(si) + g
∗φ∗Θ,
where ri ∈ R\{0}, si ∈ K(X)\{0} are rational sections, Θ is an R-Cartier
divisor on U , and φ : Z → U is the morphism. Let F be a very general
fiber of g : X → Z. By g∗OX(⌊kE⌋) = OZ for any k ∈ Z≥0, we know that
κ(E;X/Z) = κ(E|F ) = 0 by Theorem 3.15. Hence H
0(F,OF (⌊kE⌋|F )) = C
for each k ∈ Z≥0. By (3.1.1), we have
0 ≤ C|F = E|F +
∑
i
ri div(si|F ).
If
∑
i ri div(si|F ) 6= 0, then we claim that there exists r
′
i ∈ Q close enough
to ri for each i such that
∑
i r
′
i div(si|F )) 6= 0 either. Moreover, we can
assume that 2E|F +
∑
i r
′
i div(si|F )) ≥ 0. In fact, suppose that P is a
prime divisor such that P ⊂ Supp(div(si|F )) for some i and P 6⊂ SuppE|F ,
P 6⊂ SuppC|F . Let nP,i = multP div(si|F ), we have
∑
i rinP,i = 0. There
are finitely many such divisors P , and hence finitely many such rational
equations. Therefore, as long as {r′i | i} is a solution of these equations and
|r′i − ri| ≪ 1, they satisfy the claimed property.
Let m ∈ Z>0 such thatmr
′
i ∈ Z for each i, and choose k ∈ Z>0 sufficiently
large, we have
⌊kE|F ⌋+
∑
mr′i div(si|F ) ≥ 0.
Thus H0(F,OF (⌊kE⌋|F )) ) C which is a contradiction.
Hence
∑
i ri div(si|F ) = 0, and thus
∑
i ridiv(si) can only be vertical over
Z. Let Eh be the horizontal part of E over Z, we have C ≥ Eh. Because
Ev = E − Eh satisfies the same property of E in the proposition, replacing
E by Ev and C by C − Eh, we can assume that E is vertical over Z. If
codim g(E) = 1, then g∗OX(⌊kE⌋) ) OZ for k ≫ 1. Hence codim g(E) ≥ 2.
For any prime divisor P on Z, define
(3.1.2) tP (C) := max{t ∈ R≥0 | C−tg
∗P ≥ 0 over the generic point of P}.
Let B =
∑
P tP (C)P on Z. Then C − g
∗B = Γ with codim g(Γ) ≥ 2.
By Γ = C − g∗B ∼Z,R E and codim g(E) ≥ 2, we have Γ = E. Hence
C = g∗B + E. 
Lemma 3.19 implies that the ample model does not change under resolu-
tions. Precisely, we have the following lemma.
Lemma 3.20. Let g : X → Z/U be a projective morphism with connected
fibers between varieties over U . Assume that Z is a Q-factorial variety and
E ≥ 0 is an R-Cartier divisor on X such that g∗OX(⌊kE⌋) = OZ for any
k ∈ Z≥0. Let D be an R-Cartier divisor on Z.
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(1) If h : Z 99K V is the ample model/U for D, then h ◦ g : X 99K V is
the ample model/U for g∗D + E.
(2) Suppose that κ(D;Z/U) ≥ 0. If τ : X 99K V is the ample model/U
for g∗D + E, then there is a rational map h : Z 99K V/U such that
h is the ample model/U for D and h ◦ g = τ .
(3) If g is a birational morphism, then the Q-factorial assumption on Z
is not necessary: Z 99K V is the ample model/U for D iff X 99K V
is an ample model/U for g∗D + E.
Proof. We show (3) first. By g∗OX(⌊kE⌋) = OZ for any k ∈ Z≥0, we
have codim g(E) ≥ 2. Suppose that Z 99K V is the ample model for D.
Let X
p
←− W
q
−→ V be a resolution of X 99K V . Let H be the ample/U
divisor on V such that p∗g∗D ∼U,R q
∗H + F with F ≥ 0 such that for any
B ∈ |p∗g∗D/U |R, B ≥ F . If B
′ ∈ |p∗g∗D+ p∗E/U |R, then g∗p∗B
′ ∈ |D/U |R
and thus p∗g∗(g∗p∗B
′) ∈ |p∗g∗D/U |R. In particular, p
∗g∗(g∗p∗B
′) ≥ F . On
the other hand, by B′ − p∗g∗(g∗p∗B
′) ∼U,R p
∗E and B′ − p∗g∗(g∗p∗B
′) is
(g ◦ p)-exceptional, we have B′ − p∗g∗(g∗p∗B
′) = p∗E. Thus B′ ≥ F + p∗E.
Notice that p∗g∗D+ p∗E ∼U,R q
∗H +F + p∗E, hence X 99K V is the ample
model for g∗D + E.
Conversely, suppose that X 99K V is the ample model for g∗D + E. We
show that it is also the ample model for g∗D. Indeed, if p : W → X is
a resolution, then |p∗g∗D + p∗E/U |R = |p
∗g∗D/U |R + p
∗E by the same
argument as above. Next, by g∗|D/U |R = |g
∗D/U |R, Z 99K V is the ample
model for D.
For (1), let Z
p
←− W
q
−→ V be a resolution of h, and let X
θ
←− X ′ → V be
a resolution of h ◦ g such that X ′ → W is a morphism. By (3), X 99K V ′
is the ample model for g∗D + E iff X ′ → X 99K V ′ is the ample model for
θ∗(g∗D+E). Replacing X by X ′, E by θ∗E and g∗D+E by θ∗g∗D+ θ∗E,
we can assume that τ : X → V is a morphism. Let µ : X → W be
the morphism such that τ = q ◦ µ. Because Z 99K V is the ample model
for D, there exists an ample divisor A on V and F ≥ 0 on W such that
q∗A + F ∈ |p∗D/U |R. Moreover, if B
′ ∈ |p∗D/U |R then B
′ ≥ F . Thus
τ∗A + (µ∗F + E) ∈ |g∗D + E/U |R. If B ∈ |g
∗D + E/U |R, then by Lemma
3.19, there existsD′ ∈ |D/U |R such that B = g
∗D′+E. Hence B ≥ µ∗F+E.
τ is a contraction morphism because µ and q are contraction morphisms.
This shows that τ : X → V is the ample model for g∗D + E over U by
definition.
For (2), let φ : Z 99K Wm/U be an Iitaka fibration of D for a sufficiently
large and divisiblem. Then by g∗OX(⌊kE⌋) = OZ for any k ∈ Z≥0, we claim
that X → Z 99K Wm/U is birational to an Iitaka fibration of g
∗D + E. It
is enough to show g∗OX(⌊k(g
∗D + E)⌋) = OZ(⌊kD⌋) for any k ∈ Z≥0. The
“⊃” is by definition. We show the converse inclusion. Notice that over
V = Z\SuppD, g∗OX(⌊k(g
∗D + E)⌋)|V = OZ(⌊kD⌋)|V = OV , hence for
any open set U ⊂ Z, we can identify a section α in g∗OX(⌊k(g
∗D + E)⌋)|U
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with a rational section β ∈ K(Z) through α = β ◦ g. Suppose that there
exists α ∈ K(X) such that div(α) + k(g∗D + E) ≥ 0 over an open set
U ⊂ Z. By Lemma 3.19, there exists β ∈ K(Z) such that α = β ◦ g and
div(β) + kD ≥ 0. In fact,
g∗(div(β)/k +D) + E = div(α)/k + (g∗D + E) ∈ |g∗D + E/U |R,
and thus div(β)/k + D ∈ |D/U |R. In conclusion, g∗OX(⌊k(g
∗D + E)⌋) ⊂
OZ(⌊kD⌋), and this shows the claim.
By Proposition 3.21 below, there is a birational map Wm 99K V/U . This
induces a map h : Z 99K V/U such that h ◦ g = τ . Let ψ : Z → U be
the morphism. As before, Z
p
←− W
q
−→ V is a resolution of h, and by taking
a resolution, we can assume that there are morphisms µ : X → W and
τ = q ◦ µ. Let A > 0 be the ample divisor on V by the definition of the
ample model for g∗D + E. Then g∗D + E = µ∗p∗D + E and µ∗q∗A + F ∈
|µ∗p∗D+E/U |R for F ≥ 0 such that for any B ∈ |µ
∗p∗D+E/U |R, B ≥ F .
We claim F ≥ E. In fact, by Lemma 3.19,
|p∗D/U |R
∼
−→ |µ∗p∗D/U |R
∼
−→ |µ∗p∗D + E/U |R.
Thus for any Γ ∈ |µ∗p∗D + E/U |R, Γ ≥ E. If F 6≥ E, then by A ample,
we can find 0 < A′ ∼R A such that Suppµ
∗p∗A′ does not contain any
component of E. Thus µ∗p∗A′ + F 6≥ E, a contradiction. By Lemma
3.19, there exists B ∈ |p∗D/U |R such that µ
∗q∗A + F = µ∗B + E. Hence
Θ := B − q∗A satisfies that µ∗Θ = F −E ≥ 0, and thus Θ ≥ 0. Notice that
q : W → V is a contraction. Finally, for any H ∈ |p∗D/U |R, µ
∗H + E ∈
|µ∗p∗D +E/U |R, and thus µ
∗H +E ≥ F because τ : X 99K V is the ample
model for µ∗p∗D+E over U . Thus µ∗H ≥ F −E = µ∗Θ and hence H ≥ Θ.
Notice that µ∗q∗A+F −E ∈ |µ∗p∗D/U |R, hence q
∗A+Θ ∈ |p∗D/U |R. This
shows that h : Z 99K V/U is the ample model for D. 
Proposition 3.21. Let π : X → U be a projective morphism between vari-
eties. Assume that X is normal and D is an R-Cartier divisor on X such
that κ(D;X/U) ≥ 0. If f : X 99K Z/U is the ample model for D, then f is
birational to an Iitaka fibration associated with D.
Proof. Replacing X by a resolution of f and D by its pullback, we can
assume that f is a morphism. Moreover, f is a contraction by the definition
of the ample model.
First, we claim that for a general fiber F of f , κ(D|F ) = 0. By the
definition of the ample model, D ∼U,R f
∗H + E where H is an ample/U
divisor on Z and E ≥ 0 such that for any B ∈ |D/U |R, B ≥ E. By
κ(D;X/U) ≥ 0, we have κ(D|F ) ≥ 0. If κ(D|F ) > 0, then κ(E|F ) =
κ(D|F ) > 0 by Proposition 3.3. By Lemma 3.9, there is a sufficiently large
and divisible m such that the a rational map φ = φZ,|mE| : X 99K Z
′/Z
satisfying dimZ ′ > dimZ. Possibly taking a resolution, we can assume that
φ is a morphism. Hence, there is an ample divisor A over Z on Z ′ such that
E ∼Z,R φ
∗A+E′ for some E > E′ ≥ 0. In other words, there exists L on Z
ON FINITENESS OF LOG CANONICAL MODELS 17
such that E ∼R φ
∗A+ E′ + f∗L. By the choice of H, take ℓ≫ 1 such that
A+ 12ℓh
∗H is ample over U and 12ℓH + L is ample over U . Because
(ℓ+ 1)D ∼U,R f
∗H + (ℓf∗H + E) + ℓE
∼U,R f
∗H + (ℓf∗H + φ∗A+ E′ + f∗L) + ℓE
∼U,R f
∗H + (
1
2
ℓf∗H + φ∗A) + (
1
2
ℓf∗H + f∗L) + E′ + ℓE,
where f∗H +(12ℓf
∗H +φ∗A)+ (12ℓf
∗H + f∗L) is semi-ample over U . Hence
there exists 0 < B′ ∼U,R f
∗H + (12ℓf
∗H + φ∗A) + (12ℓf
∗H + f∗L) such
that SuppB′ does not have any component of SuppE. Because E′ < E,
1
ℓ+1(E
′+ℓE) < E. Hence B = 1
ℓ+1B
′+ 1
ℓ+1(E
′+ℓE) ∈ |D/U |R. But B 6≥ E,
a contradiction. This shows Definition 3.16 (3)
Next, we show that for any m sufficiently large and divisible such that
φU,|mD| : X 99K Wm, there is a birational map gm : Z 99K Wm satisfying
gm◦f = φU,|mD|. The existence of gm can be shown by a similar argument as
that for Lemma 3.5, so we just sketch the argument below. By κ(D|F ) = 0
and Lemma 3.4, there is a map gm : Z 99K Wm. We show that it is a
birational map. By the definition of the ample model, there is an ample/U
divisor H such that D ∼U,R f
∗H +E with E ≥ 0 and for any B ∈ |D/U |R,
B ≥ E. Let G be a general fiber of π, then D|G ∼R (f
∗H)|G + E|G. By
Proposition 3.3, κ(D|G) = κ((f
∗H)|G + E|G). Applying the easy addition
([Nak04, II Theorem 3.13]) to f |G : G→ f(G), we have
κ((f∗H)|G + E|G) ≤ κ(E|F ) + dim f(G)
where F is a general fiber of f |G. By the argument in the first part, κ(E|F ) =
0, thus κ((f∗H)|G + E|G) ≤ dim f(G). But
κ((f∗H)|G + E|G) ≥ κ((f
∗H)|G) = κ(f |
∗
G(H|f(G))) = dim f(G).
Thus κ((f∗H)|G + E|G) = dim f(G) = dimZ − dimU . By Theorem 3.15,
κ(D|G) = κ(D;X/U) = dimWm−dimU = dimZ−dimU . Hence dimWm =
dimZ. Because f and φU,|mD| are contractions, gm is a birational map. This
shows Definition 3.16 (1)
Finally, under the notation of Definition 3.16 (2), suppose that h : Y → X
is a birational morphism and D′ = h−1∗ D + nExc(h) for n ≫ 1. Then
κ(D′;Y/U) = κ(D;X/U) (see the third paragraph of Section 3), and by
the above argument, we have κ(D;X/U) = dimZ − dimU . This shows
Definition 3.16 (2). 
Remark 3.22. Proposition 3.21 is false without assuming κ(D;X/U) ≥ 0.
Remark 3.2 can be used to construct counterexamples.
4. Finiteness of log canonical models and its corollary
Proposition 4.1. Let π : X → U be a projective morphism between normal
varieties. Suppose that Q ⊂WDiv(X)R is a closed convex set (in Euclidean
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topology) such that κ(D;X/U) ≥ 0 for any D ∈ Q◦, where Q◦ is the relative
interior of Q. Then κ(D;X/U) is a constant for any D ∈ Q◦.
Proof. Let ∆ ∈ Q◦ such that κ(∆;X/U) achieves the maximal value among
all κ(D;X/U),D ∈ Q◦. By Proposition 3.13, κ(D;X/U) = κ(D|F ) where
F is a general fiber of π. Because Q is convex, Q can be approximated
by inscribed polytopes. Thus for any D ∈ Q◦, there exists B ∈ Q◦ and
r ∈ (0, 1) such that D = r∆+ (1− r)B. As κ(B|F ) = κ(B;X/U) ≥ 0,
κ(D|F ) ≥ max{κ(∆|F ), κ(B|F )} ≥ κ(∆|F )
by definition. Thus κ(D;X/U) = κ(D|F ) = κ(∆|F ) = κ(∆;X/U). 
Proposition 4.2. Let π : X → U be a projective morphism between nor-
mal varieties and Q ⊂ WDiv(X)R be a closed convex set. Suppose that
κ(D/U) ≥ 0 for any D ∈ Q◦. Then there is a rational map f : Y 99K Z/U
which is an Iitaka fibration associated with any D ∈ Q◦.
Proof. First, we show that when κ(D;X/U) = κ(B;X/U) ≥ 0 for D ≤ B,
then D and B share a same Iitaka fibration (up to birational equivalence).
Let f : Y → Z/U be an Iitaka fibration associated with D. By taking a
resolution, we can assume that X = Y . For a general fiber F of f , we
have κ(B|F ) = 0. In fact, if κ(B|F ) > κ(D|F ) = 0, then just as the proof
in Lemma 3.6, we have κ(B;X/U) > κ(D;X/U), a contradiction. For a
sufficiently large and divisible m, let φD = φU,|mD| : X 99K Wm/U , and
φB = φU,|mB| : X 99K Vm/U be the corresponding rational maps. We claim
that there exists a birational map θ : Vm 99K Wm/U such that θ ◦ φB = φD.
Without loss of generality, we can assume that φD, φB are morphisms. Let
G be general fibers of φB . Then by κ(B|G) = 0 and D ≤ B, we see that G is
contracted to a point by φD. Thus by Lemma 3.4, there exists θ : Vm 99K Wm
such that θ ◦ φB = φD. Because dimVm = dimWm and θ has connected
fibers over general points (as φD, φB have generic connected fibers), θ is a
birational map. By Definition 3.16, f : Y → Z/U is also an Iitaka fibration
associated with B over U .
By Proposition 4.1, κ(D;X/U) is a constant for any D ∈ Q◦. Fix a
divisor ∆ ∈ Q◦ and let D ∈ Q◦ be an arbitrary divisor. As a convex set
can be approximated by inscribed polytopes, we can assume that ∆,D ⊂
P ⊂ Q◦, where P is a polytope. Then there is a sequence of divisors in P ,
∆ = ∆0,∆1, . . . ,∆k = D such that either ∆i ≥ ∆i+1 or ∆i ≤ ∆i+1. The
above shows that if f : Y → Z/U is an Iitaka fibration associated with ∆,
then it is also an Iitaka fibration associated with ∆i for each i. In particular,
f : Y → Z/U is an Iitaka fibration associated with D. The claim follows as
D is chosen arbitrarily. 
Under the notation and assumptions of Theorem 1.1, suppose that g :
Y → Z/U is an Iitaka fibration associated with KX +∆ for each ∆ ∈ P (it
exists by Proposition 4.2). There is ǫ > 0 such that (X,∆) is ǫ-lc for any
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∆ ∈ P . After taking a higher model, we can assume that h : Y → X is a
log resolution of (X,Supp∆) for any ∆ ∈ P . Define
(4.0.1) KY +∆Y = h
∗(KX +∆) + (1− r) Supp(Exc(h)),
where 0 < r < ǫ is a rational number. Then (Y,∆Y ) is still klt, and
(4.0.2) PY := {∆Y | ∆ ∈ P}
is a rational polytope.
Suppose that ∆Y is a Q-divisor. Applying the canonical bundle formula
(2.3.1) to (Y,∆Y )→ Z, we have
(4.0.3) KY +∆Y ∼R g
∗(KZ +D
∆Y
Z +M
∆Y
Z ) +B
∆Y ,
where D∆YZ is the divisorial part (see (2.3.2)) and M
∆Y
Z is the moduli part
(see (2.3.3)).
Suppose that {∆i | 1 ≤ i ≤ k} is the set of vertices of P . In particular,
each ∆i is a Q-divisor. Let
(4.0.4) bi(KY +∆i) ∼ f
∗(biLi) +B
∆i
be as in (2.3.1) with biLi a Cartier divisor.
Let ri ∈ Q≥0 such that
∑
i ri = 1. Then for the divisor ∆Y =
∑
ri∆i and
a sufficiently divisible m ∈ Z≥0, we have
(4.0.5) m(KY +∆Y ) ∼ f
∗(m
∑
riLi) +m
∑
riB
∆i .
Proposition 4.3. Under the above notation and assumptions, if
(4.0.6) b(KY +∆Y ) ∼ f
∗(bL) + bB∆Y
as in (2.3.1), then ∑
riLi ∼Q L and
∑
riB
∆i = B∆Y .
In particular, f∗OY (k(Supp
∑
iB
∆i
+ )) = OZ for any k ∈ Z≥0.
Proof. First, we show f∗OY (⌊k
∑
riB
∆i
+ ⌋) = OZ for any k ∈ Z≥0. By
B∆i+ ≥ 0, it is enough to show the claim for sufficiently large k. For a
very general fiber F of f , by Proposition 4.2 and Lemma 3.6, we have
κ((KY +∆Y )|F ) = 0. Thus
κ(
∑
riB
∆i
+ |F ) = κ((KY +∆Y )|F ) = 0.
If f∗OY (⌊k
∑
riB
∆i
+ ⌋) ) OZ , then let φ = φZ,|k(
∑
riB
∆i
+ )|
: Y 99K Wk/Z for
a sufficiently large and divisible k. Then by the argument for Lemma 3.6,
Wk → Z is birational. Hence, there exists an open subset U ⊂ Z such that
H0(U, f∗OY (⌊k
∑
riB
∆i
+ ⌋)) = H
0(U,OZ). Therefore, for any open subset
V ⊂ Z, H0(f−1(V ),OY (⌊k
∑
riB
∆i
+ ⌋)) can be identified with elements in
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K(Z). When f∗OY (⌊k
∑
riB
∆i
+ ⌋) ) OZ , there is an open subset V ⊂ Z and
a non-regular section (on V ) s ∈ K(Z) such that
s ◦ f ∈ H0(f−1(V ),OY (⌊k
∑
riB
∆i
+ ⌋)).
In particular, for div(s ◦ f) = div(s ◦ f)0 − div(s ◦ f)∞, we have div(s ◦
f)∞|f−1(V ) 6= 0. Let Θ = k
∑
riB
∆i
+ . There is no component P of SuppΘ
such that codim f(P ) = 1. Otherwise, suppose that P is a component of
SuppB
∆j
+ , then f∗OY (⌊lB
∆j
+ ⌋) ⊇ OZ(P ) ) OZ for l ≫ 1, a contradiction.
Hence codim f(Θv) ≥ 2 and div(s ◦ f)∞ is a horizontal divisor. Thus (s ◦
f)|F is not a constant either. But this contradicts to κ(Θ|F ) = 0. Hence
f∗OY (⌊k
∑
riB
∆i
+ ⌋) = OZ for any k ∈ Z≥0.
Then, pushing forward (4.0.5) and (4.0.6) over Z\f(Supp
∑
B∆i− ), and
combining with codim f(
∑
riB
∆i
− ) ≥ 2, we have
∑
riLi ∼Q L. By Lemma
2.3,
∑
riB
∆i = B∆Y .
Finally, if we take ri > 0 for each i, then Supp
∑
i riB
∆i
+ = Supp
∑
iB
∆i
+ .
Hence f∗OY (k(Supp
∑
iB
∆i
+ )) = OZ for k ∈ Z≥0 follows from
f∗OY (⌊k(
∑
i
riB
∆i
+ )⌋) = OZ
for k ∈ Z≥0. 
Now, we are ready to prove Theorem 1.1 and Corollary 1.2.
Proof of Theorem 1.1. By Proposition 4.2, there is a projective morphism
f : Y → Z/U between smooth varieties which is the Iitaka fibration associ-
ated with KX +∆ for any ∆ ∈ P . Possibly after taking a higher model of
Y , we define ∆Y as in (4.0.1). By Lemma 3.20 (3), the log canonical model
for (Y,∆Y ) is also the log canonical model for (X,∆). Replacing (Y,∆Y )
by (X,∆), we can assume that f : X → Z is a morphism. We use the
construction in [FM00, §4.4]:
(1) Let Σ ⊂ Z be an effective divisor such that f is smooth and Supp∆h
is relatively normal crossing over Z\Σ,
(2) f(Supp∆v) ⊂ Σ, and
(3) f is flat over Z\Σ.
Let ν : Z ′ → Z be a birational morphism from a nonsingular variety such
that
(i) Σ′ = ν−1(Σ) is a simple normal crossing divisor,
(ii) ν induces an isomorphism Z ′\Σ′ ≃ Z\Σ, and
(iii) The irreducible component X1 of X ×Z Z
′ dominating Z ′ is flat over
Z ′.
Let X ′ be the normalization of X1, and τ : X
′ → X, f ′ : X ′ → Z ′ the
induced morphisms. Let g′ : Y ′ → X ′ be a log resolution of (X,Supp∆) for
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each ∆ ∈ P , and set
(4.0.7) KY ′ + Γ
′ = (τ ◦ g′)∗(KX +∆).
By (X,∆) klt for any ∆ ∈ P , there exists ǫ ∈ Q>0, such that for Ξ :=
f−1∗ ∆+ (1− ǫ) Exc(τ ◦ g
′), (Y,Ξ) is klt with Ξ− Γ ≥ 0 exceptional over X.
Notice that Ξ is chosen from a rational polytope Q. Replacing Z ′ by Z, we
can assume that Z is smooth and X1 → Z is flat.
Suppose that {Ξi | 1 ≤ i ≤ k} is the set of vertices of Q. Let µ : Y
′ → Z,
then by the canonical bundle formula (see (4.0.3)),
(4.0.8) KY ′ + Ξi ∼R µ
∗(KZ +D
Ξi
Z +M
Ξi
Z ) +B
Ξi .
Moreover, MΞiZ is nef/U (see [FM00, Theorem 4.5 (iv)] and the discussion
in the third paragraph of Subsection 2.3 ) and (Z,DΞiZ ) is still klt ([Amb04,
Theorem 3.1]). By codimµ(BΞi− ) ≥ 2 and (iii) above, B
Ξi
− is exceptional over
X ′. Because KZ +D
Ξi
Z +M
Ξi
Z is big/U , there is a klt pair (Z,Θi) such that
(4.0.9) KZ +Θi ∼U,Q KZ +D
Ξi
Z +M
Ξi
Z .
This (Z,Θi) can be also obtained by M
Ξi
Z abundant as in [Amb05, Theorem
0.2].
Because KZ + Θi is big/U and klt, there exists a sufficiently general
ample/U Q-Cartier divisor A > 0 such that there exists Ei ≥ 0 satisfying
A+Ei ∈ |KZ +Θi/U |Q. Take δ ∈ Q>0 such that (Z,Θi+ δ(A+Ei)) is still
klt, then we have
(1 + δ)(KZ +Θi) ∼U,Q KZ +Θi + δ(A +Ei).
For any Ξ =
∑
riΞi with
∑
ri = 1, ri ∈ R≥0. Set Θ :=
∑
riΘi, then
KZ +Θ =
∑
i
ri(KZ +Θi),
is klt. By (4.0.8) and (4.0.9),
KY ′ + Ξ =
∑
i
ri(KY ′ + Ξi) ∼U,R
∑
i
riµ
∗(KZ +Θi) +
∑
i
riB
Ξi
= µ∗(KZ +Θ) +
∑
i
riB
Ξi.
By Proposition 4.3, µ∗OY ′(⌊k
∑
i riB
Ξi
+ ⌋) = OZ for any k ∈ Z≥0. Thus,
the log canonical model for (Z,Θ) is the ample model for KY ′+Ξ+
∑
i riB
Ξi
−
by Lemma 3.20 (1). By (4.0.7), Ξ− Γ ≥ 0 and
∑
i riB
Ξi
− is exceptional over
X, using Lemma 3.20 (3), we see that the ample model forKY ′+Ξ+
∑
i riB
Ξi
−
is the log canonical model for (X,∆). By
(1 + δ)(KZ +Θ) ∼U,R KZ + (Θ + δ
∑
riEi) + δA,
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the log canonical model for (Z, (Θ + δ
∑
riEi) + δA) is the log canonical
model for (Z,Θ), and hence the log canonical model for (X,∆) by the above
discussion.
Let VA = {
∑
riΘi + δ
∑
riEi + δA | ri ≥ 0,
∑k
i=1 ri = 1}. By [BCHM10,
Corollary 1.1.5], there are finitely many rational maps ψj : Z 99K Zj/U, 1 ≤
j ≤ p, such that
VA = ∪
p
j=1Aψj ,π(VA).
Moreover, each A¯ψj ,π(VA) is a finite union of rational polytopes. Notice
that ∆ =
∑
ri∆i ∈ P corresponds to ϑ(∆) :=
∑
riΘi+ δ
∑
riEi+ δA ∈ VA.
Thus ϑ is a linear map between divisors. Set φj = ψj ◦ f , then
Aφj ,π(P ) = {∆ ∈ P | ϑ(∆) ∈ Aψj ,π(VA)}.
Therefore, P = ∪pj=1Aφj ,π(P ) and A¯φj ,π(P ) is a finite union of rational
polytopes. 
Remark 4.4. We have to work with the relatively compact subset P instead
of Q because for ∆ on the boundary of Q, κ(KX + ∆;X/U) may become
smaller. Therefore, for the fixed Iitaka fibration X → Z, KZ +D
∆
Z +M
∆
Z
is no longer big/U , and thus the argument breaks.
Remark 4.5. Theorem 1.1 still holds true if we assume that Q is a rational
polytope such that κ(KX +∆;X/U) ≥ 0 are constant for all ∆ ∈ Q. Under
this assumption, there is no need to work with the relatively compact subset
P .
Proof of Corollary 1.2. Taking a resolution of X, we may assume that X is
smooth by Lemma 3.20 (3). It is well-known that
R := {D ≥ 0 | (X,D) is lc, and D ⊂ Supp∆}
is a rational polytope. By κ(KX +∆;X/U) ≥ 0, there exists m ∈ Z≥0 such
that π∗OX(⌊m(KX + ∆)⌋) 6= 0, where π : X → U . Because ⌊m∆⌋/m is a
Q-divisor, there is a rational polytope Q ⊂ R such that ∆ ∈ Q and for any
D ∈ Q, we have κ(KX+D;X/U) ≥ 0. If ∆ is a Q-divisor, then by the same
argument for Theorem 1.1, we reduce to the case where KZ+Θ is Q-Cartier
with klt singularities and big over U . Then the log canonical model exists
by [BCHM10, Corollary 1.1.5 (2)]. If ∆ is not a Q-divisor, then ∆ lies in
the relative interior of a face of Q. Replacing Q by this face, we can assume
that there is a rational polytope P such that P ⊂ Q◦. By Theorem 1.1,
(X,∆) has a log canonical model. 
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